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■ We formulate the chiral perturbation theory at the one loop level in the ef- 

fective lagrangian including the p meson as a dynamical gauge boson of a hidden 
Q_i! local symmetry (HLS). The size of radiative correction to the phenomenological 

p ■ parameter a of HLS is estimated to be about 10%. The complete list of 0(E 4 ) 

terms is given and the one loop counter terms are determined explicitly in the N 
flavor model. We also obtain matching conditions to the conventional chiral per- 
turbation of Gasser and Leutwyler in the chiral limit in a renormalization scale 
^ ■ independent manner. We find that Gasser-Leutwyler's estimates for Lq^q are 

saturated by p and its one loop contributions without introducing non-minimal 
couplings of ir-p system, suggesting the absence of the tree level a\ meson con- 
tributions. 

Chiral perturbation theory (ChPT)[|l], is a framework to describe low energy na- 
ture of the spontaneous chiral symmetry breaking in QCD. It gives a systematic low 
energy expansion of QCD amplitudes in terms of the number of derivatives appearing 
in the effective lagrangian. Based on the well-known isomorphism between the elec- 
troweak symmetry breaking and the spontaneous chiral symmetry breaking in QCD, 
ChPT becomes very popular also in the physics of the Higgs sector. Actually, the 
method of chiral lagrangian offers a perspective view in the analysis of precision tests 
of the Higgs sector 0. 

The effective lagrangian (chiral lagrangian) written in terms of the Nambu-Goldstone 
(NG) boson field with the lowest order of derivatives is 0(E 2 ) (= 0(d 2 )), which repro- 
duces results of the low energy theorems. Taking account of the 0{E i ) terms and the 
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one loop corrections, we can extract further information from the chiral symmetry ffl, H 
than those from the low energy theorems. 

It is evident, however, that the ChPT cannot be applied at the scale of the mass of 
the p meson (the lightest non-NG boson) in QCD. We need to introduce an explicit de- 
gree of freedom corresponding to the p meson so as to make the effective lagrangian valid 
at the scale of its mass. Bando, Kugo, Uehara, Yamawaki and Yanagida (BKUYY) Q 
constructed the most successful effective lagrangian of the n-p system based on the idea 
of hidden local symmetry. This lagrangian, being identical with Weinberg's model|| 
in the unitary gauge, describes successfully some phenomenological properties in the 
n-p system such as the p coupling universality^] (and thus, the p dominance 0) and 
the KSRF relation by choosing its phenomenological parameter a = 2. The "vector 
limit" lagrangian |J can be also considered as a special case of the model at a = 1. 

The BKUYY lagrangian has been applied to various processes at tree level. Analy- 
ses of kaon decays in the BKUYY lagrangian have been performed at tree level with a 
fixed (non-running) parameter a . The effect of the p meson on the Gasser-Leutwyler 
parameters LjH of the conventional ChPT is also investigated [ID]. The lagrangian is 



known as the BESS model when it is applied to the Higgs sector[ll|. Those tree level 



analyses, however, leave uncertainties from the radiative corrections. On the other 
hand, the analyses at the one loop level have been dealt with a few papers: Cvetic and 
Kogerler[|T2l calculated divergent coefficients in the self-interactions of the gauge fields 
in the BESS model. Harada and Yamawaki ||13|| showed that the low energy theorem |14 
of the hidden local symmetry (HLS) is maintained at one loop in the Landau gauge.Q 
However, those one loop level calculations are not sufficient to estimate the size of 
radiative corrections in the BKUYY model of n-p system. 

In this paper, we address this problem by formulating the ChPT of the BKUYY 
effective lagrangian [|J in a systematic manner at one loop. The complete list of the 
0(E A ) terms not restricted to the self-interaction of gauge fields is obtained and the 
one loop counter terms are determined explicitly in the SU(N) model. The size of the 
radiative correction to the phenomenological parameter a is estimated to be about 10%. 
We also obtain several matching conditions to the conventional ChPT without the p 
meson in a renormalization scale independent manner. Remarkably enough, the one 
loop effect of the n-p system is shown to imitate the tree level contribution [JlpJ from the 
ai meson in the Gasser-Leutwyler parameter L\q. We find that the Gasser-Leutwyler 
estimates^ for Lg^o are saturated by p and its one loop contributions without intro- 
ducing non-minimal 0(E 4 ) couplings in n-p system. 

Let us start with a quick review of the BKUYY lagrangian^]. BKUYY decomposed 
the pion field U = exp(2iT a n a ), transforming U — > giJJg^ under SU(N)l x SU(N)r 
into two parts, 

U = (1) 

1 Although the low energy theorem of HLS holds only at the off-shell of the p meson and is not 
directly related to the physical amplitudes, the phenomenological success indicates that the low energy 
theorem is smoothly extrapolated to the on-shell of the p meson. 
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Arbitrariness in this decomposition can be regarded as a local symmetry (hidden local 
symmetry, HLS): 

Zl,r -> Kx)Cl,r, h(x) e SU(N) HLS . (2) 

This hidden local "symmetry" is redundant and nothing to do with the tc system at 
this level. By introducing a kinetic term for the gauge field associated with the HLS, 
however, it becomes a dynamical degree of freedom which may be identified as the p 
meson. 

This idea leads us to an effective lagrangian for the 7r-p system: 

£ = / 2 tr (a^) + ytr(x + X ] ) + afti (d H ,df) - ^tr( V^V^), (3) 
where a^±_ and a^\\ are defined by 

i r, 



a , 



2 



{D*tL)tl T (D»£ R )& . (4) 



The vector field is identified with the p meson and we have introduced external 
fields £ M , TZfj., s and p in an analogous manner to Gasser-LeutwylerfU]: 

D^ L = df&L ~ iVy&L + (5a) 
D^r = O^r - iV^R + KrTI^ (5b) 
X = 2b£ L (s + ip)&. (5c) 

The constant b measures the quark pair condensate in the chiral limit. The first two 
terms then correspond to the conventional chiral lagrangian at 0(E 2 ) 1 while the last 
two terms are the mass and the kinetic terms of the p meson. It should be stressed 
here that the p meson acquires its mass {m 2 p = ag 2 f 2 ) through the Higgs mechanism 
in the present model. 

Now, we are ready to discuss a systematic expansion of the Ti-p amplitudes based 
on the lagrangian (|3]). We first study rules of counting the orders in the effective 
lagrangian. Since the external vector fields (£ M , IZ^) couple to £ as gauge connections, 
they should be balanced with a derivative in the order counting. The p meson field 
is assigned 0(E) for the same reason. The order of \ is determined as 0(E 2 ), since it 
produces the pion mass which should be balanced with p 2 in the propagator. It should 
be stressed that we need to assign O(E) to the coupling g in order for the kinetic term 
of p to be 0(E 2 ). This assignment implies that the effective lagrangian is expanded in 
terms of the mass of the vector meson. 

We next construct the most general effective lagrangian with 0(E 4 ). It is convenient 
to make a list of operators having homogeneous transformation in the HLS. It is easy 
to show that 

<Vl> &iA\ ( 6 ) 
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are the only operators in this class at the lowest order (O(E)). In addition to the 
covariant derivatives of Eq.(Bf), there exist operators in higher orders, e.g., 



V„, 



A 



where is the field strength of the p field and V^ u and A^ v are defined as 

1 



(7) 



- 2 



A, 



(8b) 



with IZf+v and C^ u being the field strength of TZ^ and £ M , respectively. 

The most general lagrangian at 0(E 4 ) can now be constructed by taking a trace 
of products of those operators and the covariant derivatives of a M ±,||- It should be, 
however, noticed that the anti-symmetric combination of the covariant derivatives of 
CVU] can be expressed in terms of other operators: 



A 



i[oL^h&v\\\ +i[a»±,&v±] + Vpv 
Thus, it is sufficient to consider the symmetric combinations: 



(9a) 
(9b) 



The independent terms in 0(E 4 ) lagrangian can be further reduced by using the 
equations of motion: 



z(l-a)[« H |,^]+2(x-X t ) + 0(^ 4 ), 



D^V^ = g z af z a\ + 0{E"). 



(10a) 
(10b) 
(10c) 



After a short algebra, we find the general form of 0(E A ) lagrangian with the even 
intrinsic parity: 

C4 = £% + Ct + £l + Cl, (11) 



where 



fx 
1 -4 



Witr(d^d M _L(x + x f )) + w 2 tr(d^d M _L)tr(x + x ] ) 

+w 3 tr(dfd M ||(x + x ] )) + w 4 tr(dfd M ||)tr(x + X ] ) + w 5 tr([o^, d M ||](x - X V )) 
+w 6 tr((x + x 1 ) 2 ) + w 7 (ti(x + X V )f 
+w 8 tr((x - x ] f) + w 9 (tv(x - X ] )f 

XimJtr(d M _La^) + x 2 mJtr(d M ||df ) + x 3 tr(V^1/^) + x 4 mjtr(x + X j ), 



L\ = ?/itr((d M± d^) 2 ) + y 2 tT(a ti _ L a u _ L a^a' / ± ) + y 3 tr((d^||o:fp 2 ) + y 4 tr(d M ||d 1 ,||dfj t a!f|) 
+?/5tr(d M _ L d^d i ,||dy) + y 6 tr(d A1 _ L d ! ,_ L d| l dp 
+y7tr(a IM ±a I/ ±a^a^) + y^{&^&\\a u ±a^) + t^o^o^d^d^)] 
+y 9 tx(a^a u \\a^6i\\) 

+yio(tr(d M _Lax)) 2 + 2/iitr(d M _ L d 1 ,_L)tr(d^d^) + y 12 (tY(a^\a^)) 2 
+yi3te(a fl \\a„\\ )tr(d| t ap + y M tr(a: M± a^)tr(a^||a:j|) + yi^(a^a uA _)ti(a^a\ ) 
+?/i 6 (tr(d At _ L dj | t )) 2 + y l7 ti(a^a u \\)ti{a^a\) + yi8tr(a^ ± a u] \ )tr (of d"), 

+z i itr(V l _ lu aj_a u ± ) + z 5 iti(V pv a^di\\) + z 6 itr(V l _ lL ,aj_a v L ) + z 7 itr(V^a^a^) 
+z 8 itr(A flu (aj_a^ + ofo^)). 

The one loop calculations are required to make use of systematic expansion of this 
kindjl]]. We adopt the background field technique to avoid an unnecessary com- 
plication of defining off-shell effective fields: Naive calculation without a background 
field requires redefinitions of the off-shell effective fields to maintain manifest chiral 



symmetry at the loop level[15|. Actually, the "low energy theorem" of the HLS|14 



cannot be proven without an appropriate field redefinition in the naive covariant gauge 
calculation |T^]. On the other hand, the background field method maintains manifest 
symmetry at each step of calculations as we will show in the following. 
We introduce background fields £r and V^: 

Zl = £s&£l, U = £sZpZr, V^V. + v,, (13) 

where dynamical degrees of freedom are denoted by £g, £p and 

(iu a s T a \ . (iu a P T a \ 

e 5 = exp(-|^J, £ p = exp (^^), v„ = gv;T a . (14) 



/ 



Transformation properties under HLS are 



Z,l,r -> h(x)£ LtR , (15a) 

% -> h(x)V^(x) + ih{x)d li h\x), (15b) 

u a SP T a -> ^^^^(a;), (15c) 

v*T a -> h(x)vlT a h\x). (15d) 

Note here that the dynamical fields u P , u 1 ^ and v a „ are transformed linearly. Thus, 
expansion of the chiral lagrangian in terms of these fields does not violate the HLS. 

In this formalism, a gauge fixing term for can be introduced without violating 
the HLS of the background field (background gauge |17| |18| ) 

C GF = ~(D ab ^ + m p u a s f, (16) 
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with being the "covariant derivative" on the background field: 

The Faddeev-Popov determinant associated with the gauge fixing term fll6| ) is 

C FP = ic a (p^D* + m 2 p 5 ac ) c c + ■ ■ ■ , (18) 

where • • • stands for the interaction terms of the dynamical fields u s , v " and the FP 
ghosts. 

Now, it is straightforward to evaluate the one loop contribution to the above 0(E 4 ) 
lagrangian coefficients. After tedious manipulation in the heat kernel method^], we ob- 
tain coefficients of the logarithmic divergences in the dimensional regularization scheme 

w . = w r _ - W + J_ (19) 

and similarly for the coefficients Xi, y\ and Zi. The result is summarized in table 1. 
These coefficients determine the running of the renormalized parameters, 

^ wM = -^Sy> (20) 

which can be considered as a measure of the effect of radiative corrections. 

It should be noted, however, these renormalization group equations fl20|) are derived 
in the mass independent scheme and thus the scale /i is not directly related to the actual 
physics scale, especially at the low energy region below m p where the dynamical degree 
of freedom of the p meson is frozen out. Actually, as we will show in the following, 
finite part of the one loop integral is important to make the matching conditions with 
the conventional ChPT without the p meson. To construct effective couplings valid in 
the whole energy region we find it convenient to introduce the *-functions in analogous 
way with those defined in the electroweak effective lagrangian ||19| . 



The *-functions are functions of momentum and independent of renormalization 
schemes. They are designed to reproduce the real part of the scattering amplitude 
at the one loop level by replacing the tree level parameters. Such functions can be 
easily calculated once the effective action is determined. For example, the *-functions 
corresponding to /, a and g are calculated by extracting the corresponding terms from 
the real part of the effective action: 

!fter = J d i xd A zfl{z)ti{a^{x + z)ctj_(x)) 

+ J d /k xd 4 zd*(z)f 2 ti(a f j i \\(x + z)a^(x)) 
1 



d 4 xd^z——^(y ilu {x + z)V^(x)) 



2 Renormalization scale independent quadratic divergences can be renormalized by the redefinition 
of parameters in the 0(E 2 ) lagrangian. 
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with f 2 , a* and 1/g 2 being Fourier transform of *-functions flip 2 ), a*(p 2 ) and l/g 2 (p 2 ), 
respectively. These *-functions can be determined from the two-point functions of the 
building blocks a^x, a^y,. ... In the chiral limit, we find: 



f:(p 2 ) = f 2 + mUx[(m p ) + 



a*(p)f = af + m lx r 2 {m p ) + 



Na 
(4tt) 2 
N 



1 + S (1,0; 



mi 



1 , -p 2 



m 



p J 



(4tt)< 



1 + 5 (1,1; 



(21a) 
(21b) 



£*(p 2 



— -2x r 3 (m p ) 



N 



(47T) 



4^1nf4' 
24 \ m 



+ ^7 + ^77 + 45 o(l, 1; 



24 ' 72 ' ~ uv ~' ' 
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0^(1,1; 



— p" 



m 



(21c) 



with i?o, -B2 and .84 being defined by: 

5 (X, Y; P) = Ke da \n(aX + (1 - a)F + ail - a)P), 
Jo 

B 2 (X, Y; P)=®e [ da(l - 2a) \n(aX + (1 - a)Y + a(l - a)P), 
Jo 

BAX, Y; P) = SRe / da(l - 2a) 2 \n(aX + (1 - a)Y + a(l - a)P). 
Jo 

The typical size of 0(E i ) corrections can be estimated in this calculation. Expanding 
Eq.( [21b|) around p 2 = 0, we obtain 



a*(p 2 )f-a*(0)f=-7 



6 (4tt) 



m 



and find a*(p 2 ) is insensitive to the loop effect. Actually, a*{j> 2 ) receives only 10% level 
radiative correction: a*(m 2 ) = a*(0) — 0.17 in SU{2) model for / = 88MeV. 

We can extract information of 0(E A ) parameters through the matching conditions 
with the conventional ChPT without the p meson which is already studied extensively 
by Gasser and LeutwylerpJ. Gasser-Leutwyler lagrangian is given by 

£gl = ^i((D p U)\D»U)) + ^tr{rfX + X^U) 
+L 1 (tr(( J D^)t( J D^))) 2 + ... 
-iL 9 tv(n^(D>"U)\D v U) + C^U){D»uy) 
+L 10 tr(U ] C pu Un^) + HM£^ U + H^RT) + H 2 ti(X^X), 

with X = 2B(s + ip) and F being the NG boson decay constant in the chiral limit. 
In the following, we focus our attention on the parameters Lg 10. It is convenient to 
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introduce the *-functions corresponding to the parameters £9,10 and H±. In the chiral 
limit, we find 



(22a) 
(22b) 







L* 9 (P 2 ) 


= l;- 




= L r w + 




= H{ + 



N , 


' 5 


+ Keln- 


-P 2 \ 


24(4tt) 2 \ 




V 2 J 


N 


B 


+ 3?e In 




24(4tt) 2 




f , 


N 


(-5 


+ Keln 




48(4vr) 2 




/i 2 J 



(22c) 
(22d) 



To obtain the matching conditions, we integrate out a^\\ and V^ u from the effective 
action by making use of the equations of motion: 



m 2 



and 



/Lt|| " * 1 ®-v\\ 



The latter equation can be derived from 

and Eq.(|9bD. Thus, we obtain: 

F 2 (p 2 ) = f 2 (p 2 ) + 
2 



^°(F 4 



m 



P 



m 



2 ' 



-8l;( p 2 ) 



9 2 (P 2 ) 



p< 



mi 



Ll (p 2 ) + 2H*(p 2 ) 



2g 2 (p 2 ) 



+ zt(p 2 ) + z*(p 2 ) + O 



pr 



mi 



-L* 10 (p*) + 2H{{p 2 ) = 4{p 2 ) + Itf'(O) + O (£ 



The *-functions corresponding to Z\, Z2 and Z3 are determined as 



z{{p 2 ) = z{{m p ) + 



N 



16(4tt) 



(23a) 



(23b) 



(24a) 



(24b) 
(24c) 
(24d) 



mi 



-^(2-a) 2 + ^ + 5 4 (l,l; 



-p" 



mt 



4(p) = 4 Op) + 
4(p 2 ) = 4( m p) + 



Na 
K4vr) 2 
N 



1 -v 2 
3 nip 
a(2 — a 



(25a) 
(25b) 



-3te In 



~a(2-a) + ~ + £ 4 (l,l;^) 



p J 

(25c) 



The *-functions corresponding to z 4 and Zq depend not simply on single momen- 
tum, since they lead to non-oblique three point vertices of p-ir-ir and photon- tt-tt, 
respectively: 

zl{p 2 ,q 2 ,p- q), 4(P 2 >Q 2 'P- ?)> 
where p and g stand for incoming momentum of p (photon) and the difference of two 
incoming pion momenta, respectively. These *-functions become simple when we take 
q 2 = —p 2 , p ■ q = (corresponding to the on-shell of pions in the 3-point vertex): 



zli m p) + 


N 




a(2 — a] 


Kern 


4(4vr; 


2 


3 


+S 4 (1,1; 


-p 2 

9 / 




aC(l,0; 


9 / 

nip 








z r 6 (m p ) + 


N 




[(2 -a) 2 


Keln 


4(4ti-; 


2 


3 


+5 4 (1,1; 


-p 2 




aC (1,0; 


9 / 









5 , , 1 
-a(2 - a) + - 
9 V ; 3 



-a 2 C(0,l; 



— p 



r?) 



p J 



(25d) 



-{2-a) 2 + - 
9 V ; 3 



-a(2-a)C(0,l; 



— p 

m 2 „ 



(25e) 



with C being defined by 

C(X, Y) P) = - + Ke da /* d/3a(2a - 1) ln(aX + (1 - a)F + a 2 /5(l - /3)P). 
6 jo Jo 

It should be stressed here that the infrared singularity (ln(p 2 )) in z* (i = 1,2,3,4,6) 
does not appear at a = 2 (vector dominance). 

Note here that the coefficients of ln(p 2 ) arise from the finite part of the one loop 
integral and agree exactly in both sides of Eq. (|24T) . It should also be stressed that 
the matching conditions ([24]) are free from the renormalization scale ambiguity in con- 
trast with the previous tree level analysis of the resonance effect to Gasser-Leutwyler 



parameters [10 



By using the values of SU(2) Gasser-Leutwyler parameters^], [ItJ Lg(550MeV) = 
(7.2 ± 0.7) ■ 10~ 3 , L^ (550MeV) = (-5.5 ± 0.3) ■ 10" 3 and / = /„(0) = 88MeV, m p = 
757MeV estimated in the chiral limit, we find a cancellation among Lg 10 , 1/g 2 and f 2 ' 
in (|24| ) and obtain: 



-(zj(0) - z*(0) + 4(0)) = (-0.6 ± 0.3) • 10- 3 , 



(26a) 



^(2^(0) + zl(0, 0, 0) + 4(0, 0, 0)) = (0.7 ± 0.7) • lO" 3 , (26b) 



or 



\{'4H) - z*(m 2 p ) + z*(m 2 p )) = (0.1 ± 0.3) • 10" 3 , (27a) 
~(2z* 3 (m 2 p ) + zt(m% -m% 0) + z* 6 (m% -m% 0)) = (0.8 ± 0.7) • lO" 3 , (27b) 
where we have assumed the vector dominance a = a*(0) =2 and used 

2 

a*{ m P )f 

There is no strong indication for the presence of the non-minimal couplings z*. In 
other words, the Gasser-Leutwyler estimates for L 9j i are saturated by the p meson 
and its one loop contribution without introducing non-minimal 0(E 4 ) terms. This 
result contrasts with the tree level analysis indicating that Liq is not saturated by 
the p meson contribution alone but saturated by the combined effect of the p meson 



and the a\ meson JT0|. Actually, the tree level contribution from the ai resonance is 
imitated by the one loop effect f 2 ' in the matching conditions (|24[). 

In this paper, we have formulated the ChPT of the n-p system based on the effective 
lagrangian[|J with the hidden local symmetry. The size of the radiative correction to 
the phenomenological parameter a is estimated to be about 10%. We also obtain the 
matching conditions to the conventional ChPT of Gasser-Leutwyler in the renormal- 
ization scale independent manner. It should be emphasized that the one loop effect 
imitates the tree level contribution of the a\ resonance in the matching condition for 
Li . We find that Gasser-Leutwyler's estimates for L 9i i are saturated by the p meson 
and its one loop contribution without introducing the 0(E A ) couplings. 

Technical details of the present work will be published elsewhere. 

The author thanks K. Yamawaki for introducing him to the importance of this 
subject. He is very grateful to Y. Okada for continuous encouragements and fruitful 
discussions. He thanks also K. Hagiwara, M. Harada, M. Kobayashi, T. Kugo, S. 
Matsumoto, V.A. Miransky, A.I. Sanda, M. Tanaka and T.N. Truong for enlightening 
discussions. 
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a = 1 


a = 2 


x 2 
x 3 

X A 


-3iVa 
-3iV 
£(87 -a 2 ) 



-3N 
-3N 

A3N 
6 




-6N 
-3N 

83N 
12 





r . 


a = 1 


a = 2 


Zl 

Z2 

z 3 

Za 

z 5 

Z& 
Zl 

z 8 


-^(5-4a + a 2 ) 

-fa 
-f (l + 2a-a 2 ) 
-f (2 + 3a - 3a 2 ) 
-|(l + 2a 2 -a 3 ) 
-f (2 -a) (5 -3a) 
-f (1 + 4a - 4a 2 + a 3 ) 
fa(l + a) 


A/ 

aV 

A> 

aV 

AT 3 
3 


A 

12 

N 

_i 

2i^ 

3 iV 
6 



N 
6 

TV 



13 





r . 

y i 


a = 1 


a = 2 


yi 


f(7- 11a + 5a 2 ) 
^(10- 14a + 5a 2 ) 
^(l-2a 2 + 2a 3 + a 4 ) 
|(1 + 4a 2 - 4a 3 + a 4 ) 


N 

N 
12 


57V 

N 
6 


2/2 


2/3 


AT 
N 
» 


25JV 
» 


2/4 


2/5 


fa(l + 6a-5a 2 ) 


47V 

2i^ 


y& 


f (l + 4a-5a 2 + 2a 3 ) 
f(-l + 10a-13a 2 + 6a 3 ) 


2/7 


ys 


fa 2 (4-3a) 


2/9 

yw 


fa 2 

\(S- 12a + 5a 2 ) 


f 
4 


3 
1 


yn 


|(8- 12a + 5a 2 ) 


1 
2 


2 


yn 


|(l + a 4 ) 


1 
4 


17 

1 8 7 
4 


2/13 


1(1 + a 4 ) 


1 
2 


2/14 


|a(l + 7a - 5a 2 ) 


1 
2 


5 
2^ 


2/15 


|a(7 — 5a + a 2 ) 


1 


3 


2/16 


|a(7 — 5a + a 2 ) 
|a(l + 7a - 5a 2 ) 
±a(7-5a + a 2 ) 


1 


2 


2/17 


1 


10 


2/18 


1 


2 3 
3 



Table 1: Coefficients of counter terms 
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